CHAPTER II. 
STANDARD FORMS. 


27. Reversal of Differentiation. 

We now proceed to consider Integration as the purely ana- 
lytical problem of reversal of the operation of Differentiation. 

In the Differential Calculus the student has learnt how 
to differentiate a function of any assigned character with 
regard to the independent variable contained. In other words, 
having given y=y(x), methods have been there explained of 
obtaining the form of the function y” (æ) in the equation 

U- y(a)= g(a), say. 

If we can reverse this operation and obtain the value of 
y(x) when y” (x) is the given function of a, we shall be able to 
perform the operation which has been indicated by the symbol 


fs (x)dæ, te. fw da, 


by merely (1) taking the function y-(z), (2) substituting b and 
a alternately for x in this function, and (3) subtracting the 
latter result from the former ; thus obtaining 

yb) yla). 

28. We shall therefore confine our attention for the next 
few chapters to the problem of this reversal of the operation 
of the Differential Calculus. 

The quantity b has been assumed to have any real value 
whatever, provided it be finite; we may therefore replace it 
by æ and write the result as 


fpe) de= yaya. 


40 
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When the lower limit is not specified and we are merely 
enquiring the form of the function y(x), at present unknown, 
whose differential coefficient is the known function ¢(#), the 


notation is 
| 6@) de=y(0), 
the limits being omitted. 
29. Nomenclature. 
The nomenclature of these expressions is as follows: 


The function (x) whose integral is sought is termed the 
“integrand,” and the result y(x) is termed the ‘‘integral.” 


Je@ae or yo-yo 


is called the “definite” integral of (x) between the assigned 
limits a and b. 


foede or yayla, 


where the lower limit is assigned and the upper limit is left . 
undetermined, is called a “corrected” integral. 


foede or ve), 


without any specified limits and regarded merely as the 
reversal of an operation of the differential calculus, is called 
an “indefinite” or “ uncorrected” integral. 


It is customary to read the expression fso) dæ as “the 


integral of (x) with respect to a,” or as “the integral of 
$(a) dx.” And the process of obtaining y(x) is called In- 
tegration. 


30. Addition of a Constant. 

It will be observed that if g(x) be the differential coefficient 
of y(x), it is also the differential coefficient of y-(x)+C, where 
Cis any constant whatever, that is to say, a quantity which does 
not depend upon the variable x; for the differential coefficient 
of such a quantity with regard to æ is zero. (See Art. 3.) 

Accordingly, we might write 


| o@)de=y(e)+0, 
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This arbitrary constant is, however, not usually expressly 
written down, but will be understood to be existent in all 
eases where the lower limit of the integral is not expressed. 


31. Different processes of indefinite integration will fre- 
quently give results of different form ; for instance, 


1 j ‘ 
|- dæ is sin-az or —cos-za. 
J/1—2? 


for the expression + = is the differential coefficient of 


either of these expressions. We cannot infer that sints 
and —cos-!a are equal. What is really true is that sin-!z 
and —cos—!a differ by a constant, for 


Oe a ae | 
sin T= 5 cos—a. 


So that ls dz=sinx2+C, 


or | 7s dx = —cosa-+C’, 


the arbitrary constants C and ©” being necessarily different. 
32. Inverse Differential Notation. 
In agreement with the accepted notation for the Inverse 


Trigonometrical and Inverse Hyperbolic functions, we might 
express the equation 


| $@)de=y-@) 


as (ZY p@)=¥-(0), 
or D- 9(2)=¥-(@) 
or poe) = (2), 


and it is not infrequently useful to employ this notation, 
which very well expresses the interrogative character of the 
operation we are conducting. 
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33. GENERAL LAWS SATISFIED BY THE INTEGRATING SYMBOL 


fas OR > 


I. It is plain from the meaning of the symbols that 
d : 1 
A p(x)dæ is (x) or D E (a) | = $(@). 


But [[ 4 g(a) |de=p@+0 or FIDs@]=9@)+6 
C being any arbitrary constant. 


Il. The operation of integration is distributive for a finite 
number of terms. 
For if u), ùz, Us be any functions of a, 


{fude Ug dn+| Us de} 


=| fu da |4+£ fu de |+| fude] 


=U HUHU, 
and therefore, omitting additive constants, 7.e. supposing the 
lower limit to have been assigned and to be the same in each 
case, 


| u dæ +f Uy, da +f U, do = fn +u,+U,) dæ. 
Similarly, 


| Uy dæ+| Uy dæ =f Us dæ = f (u, Hwg — Ug) de. 


If the lower limits in these several integrations are not 
the same, the left-hand member of the equation may differ 
from the right-hand by a constant. It is in this sense that 
the equality sign is used. 


III. The operation of integration is commutative with 
regard to constants. 


For if dtv, and a be any constant, 


d du 
dg =*7= WU. 
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So that, omitting additive constants of integration, 
au= f av dz, 


or a | vdo=| avda, 
which establishes the theorem. 


34. Case of an Infinite Series. 
In the case of an infinite series of real quantities, 
U =u 4U +H ugt... HUn t... tow, 
of which the terms are connected by a definite law, we shall 
still have 


F Ude=|"u, de+ f" u, da4 |" us dz+... tow = V, say, 
Tı zı zı z 
provided the series U itself, and the series V formed by the 
integrations of the separate terms, are both uniformly and 
unconditionally* convergent within a range of values of 
x, viz. =b to x =a, say, where «œ> b, between which quantities 
both limits of integration «, and 2, lie, that is 
> % > x > 0. 

For let R and S be the remainders after n terms of the 

series U and J, t.e. 


U=u,t+ut...+u,+R, 
Ty 

r=| ude+ | udet ...+ | ude+8. 
a zı zı 


Then, by supposition, both R and S vanish when n is 
indefinitely increased for all values of x between a and b, and 


therefore so also does fr dz, for it lies between R(x,—z,) 


aa 
and h’(x,—z,), where R’ and R” are the greatest and least 
values of R as x changes continuously from a to b, and which 
are quantities vanishing in the limit. 


Le 
Hence, v-s=| (U— R)da=|"Tde—|"R dx (Art. 38, IL), 
t A z 
and when % is indefinitely increased, 
f udr. 
Tı 


* See Art. 1900, Vol. II. 
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If then a function ¢ (x) can be expanded in a power-series 
as g(a)= Sar, the series being uniformly and uncondition- 
ally obit tne from «=b to “=a, we can write 
f sode- Saf ar da= Sa [Art. 16, Ex. 6} 
where a>%>x,>b; 


for if Z A,a* be uniformly and unconditionally convergent, so 
also will be 

grt art sett a" 
r rti and 2A, 


Under such circumstances, therefore, we may expand before 
integrating. 


LA 


35. Geometrical Illustrations. 
We may illustrate these facts geometrically. 


No 
Fig. 11. 


Let the graph of y=¢(x) be represented by the curve 
CP,P. Let the coordinates of a fixed point P, on the 
curve be 2p, Yo, let x, y be the coordinates of a current 
point P on the curve, and let A be the area of the figure 
P NNP. Let x increase to z+6z, and in consequence let y 
become y-+éy and A become A+éA. Then 6A is the area 
of the strip PNN’P’ between two contiguous ordinates NP 
and N’P’, and lies in magnitude between y dx and (y+dy)6z, 


and therefore ee lies between y and y+dy. 
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Hence, in the limit, when dz is made indefinitely small 
we have 


dA 
dx 4" 
Hence A =| y de. 


So long as the lower limit is unassigned the reckoning 
of the area may start from any arbitrary position of the 
ordinate N,P,, and the case is that of the “indefinite” 
integral. 

When the lower limit is assigned, say x= ONp, the area is 
reckoned from the ordinate N)P, to any arbitrary ordinate 


NP, and is £ p(x) dz, and is then “ corrected.” 
ON, 
When both limits ON, and ON are numerically assigned 


ON 
the integral | (x) dx is “ definite.” 
ONy 


Fig. 12. 


If there be several curves (a finite number of them, and 
all continuous, and none of the ordinates infinite within 
the limits of integration), 

y=F,(z), y=F,@), y=F;(2) 

=U, =U, = W, viz. the curves PP, QoQ, RoR, 
and a curve be derived from them by the algebraic addition 
of ordinates so that 
Y=F,(«)+F,(x)+F;,(z), viz. the curve S,S, 
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then the distributive property II. of the integration symbol 
asserts that 
Area P,N,NP+area Q,NV,NQ-+area RoN, NR =area S,N,NS. 

Again, if a curve be given by the equation 
y=F (a), ie. curve PoP, 


and a new one be derived by increasing all the ordinates in 
the ratio a:1 so as to have an equation 


y =aF (x), i.e. curve SoS, say, 
the commutative rule III. asserts that 
Area SNo NS =a x area FoNo NP. 


If the lower limit be not the same in each case, as 
assumed in the figure, the stated results would, instead 
of being equal, differ by constants which depend upon the 
positions of the initial ordinates in the several cases. 


36. Integration of x”. 
d x +1 


a we obtain — PE PN 


(as has already been seen, Art. 16, Ex. 6). 


By Differentation of = =a", Hence 


f s” d= AAPA arbitrary constant. 


a 


Thus the rule for the integration of any constant power of 
x may be stated in words; 


Increase the index by unity, and divide by the new index. 


Eg. fads- a iE tae= = fe 


[ean - —aa-4, peony 


44 pte 


BP aga Fal, 
| xaen* Ta rer 


fas, i.e. fi dx or [orac=a, 
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37. The case of a-}. 


It will be remembered that z- or b is the differential 
coefficient of log.x. Thus, is 


| wide. ot E dæ=log,z. 


This therefore forms an apparent exception to the general 


rule, j 
“iki 


n+1° i 
It is, however, only apparent. For we may deduce the 


logarithmic form as a limiting case. Supplying the arbitrary 
constant C, we have 


fer de= 


z NA grt ith gnti_ 1 

eden FO 0-4, 

where A = Cha and still is an arbitrary constant, t.e. does 
i 

not contain z Taking the limit when n+1=0, aT 


takes the form log,x (Diff. Cal, Art. 21). And as C is 
an arbitrary constant, we may ai that it contains 


a negatively infinite portion _— , together with another 
arbitrary portion A. ir 
Then j r ae | g” dæ=logs+A. 


This has also been seen in Art. 16, Ex. 6. 
38. In the same way as in the integrations of 7” and z7! we have 


aaa) =(n+1)a(axr+b)" 


and rs f log (ax+b)= 


aay 
n+l 
and therefore y (ax +b ds= i + ae 
and {4,3 b = z log (ax+ b). 


[Although j; dz is really one symbol indicating integration with regard 


to x, we shall often find Ix rw ed printed for convenience as {3 


jrs dæ printed as foie etc ] 


ar+b’ 
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39. We are now in a position to integrate any expression of 
the form p(x) 
ax-+b’ 
where ¢(z) indicates any rational integral algebraic function 
of a. 
This can be done in two ways: 
(1) By ordinary division of ¢(z) by rt we can express 


2 in the form Q+——; 


nA 


where Q consists Pi a series of descending powers of z and R 
is independent of z. 

Every term is then integrable by the foregoing rules, and 
the result will be partly algebraic and partly logarithmic, 


the last term being P hog (ar +b). The condition that it 
should be entirely algebraic is obviously that R should 


vanish, t.e. $(—?)= 0, or that ¢(z) should contain az+b as 
a factor. 


gita? 


Eg E+ 


PET arm | (8—a¢+20 -44+~-55) de 


=% T 4284048 log (+2) 


(2) A second process would be to put ax+b=ay, i.e. s= =y—? 
and then 


gla) _ p(y) 
awto ay ~ 
Then expand o(y—2) in descending powers of y, thus ex- 
pressing the fraction ultimately in the form Q + where Q 
is a series of powers of y and R’ is independent of y. 
Thus gO i is expressed in a series of powers of (2+2), 


Pid 


together with a term =, R’ being independent of x and 
t+ 


each Wia is again integrable. 
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Thus, in the ain pie case, (pet at P putting 7+2=y, 


tt G- +(y— 2) yp aya 9048 
a y- Ty? + 18y 2047 


=(x+2P—7(2+2P+ 18(e+2)-204+—55. 
Hence | 
ah +28 
z+2 
The results are Z different form, but of course equivalent, except that 
they differ by a constant. 
40. It is also to be observed that since the differential 
coefficients of [ġ(x)]”+! and log (x) are respectively 


sita ee 


de= z(7+2}+9(7+2)- 20(x+2)+8 log (+2). 


(n+1)[4(2)I"¢'(e) and aot 
we have | [p(x)]"¢'(x) da= [ for 3 
and | Aa dx=log $(z). 


The second of these results especially is of great use. It 
may be put into words thus: 


The integral of any fraction of which the nwmerator is the 
differential coefficient of the denominator is log (denominator). 


41. For example: 
[tests ba+c)"(2am +b) 


Qaxr+b 
axz*+bz+e 


foot zdz= 


(ax? +br+c)"t} 
abe n+l 


dx =log (ax? +bx+ c). 


cos £ 
sing 


dz=log sin x. 


peered - |e de= — log cos x= log sec v. 
COS v 


ee 


i de= =log (F +077). 


42. More generally, since the differential coefficient of 
Fig(z)] is FL g¢(@)]¢'(), 
we clearly have 


[ Po @)]¢ @) de= FIp(a)) 


Thus, for example, f ria cos z dx= tan! sin x, 
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EXAMPLES. 
Write down the indefinite integrals of : 


Le, oO A E bt Ra, Jp aed, 
2, ajat Ty alata (ax? +b)(ext +d), Ete, 


(ax? +bx+c)(ax—?+ba-1+ce) 1 j 
2 > a-2’ ae ney 


og yh L 1 2 1 $ 1 (w—a)(x2+a)(2?+a7) 
` a-z a+r a+r’ (a+r (a-r)? af 


ae fat 
5. Calculate [2 dz; [2 dz ; EERO 


3 
6. Calculate (a ba'SRA de for the values ous: b=s5. 


2a, 2 
T N s 2) da. 
j a ( z $ a 
8. If the retardation of a particle be 2 foot-seconds per second, and 


its initial velocity 10 f.s., when and where will it come to a stop ? 


9. Given pv=constant, and that p=40 when v= 10, calculate Í Pò dv. 
What does this integration mean ? n 


10. Calculate f (£—-1)\(x-2)(x—3)(x—4)dz 


between limits (a) Oand1, (b) land2, (c) 2and 3, 
(d) 3and 4, (e) 4and 5. 
Explain the signs which occur in the results. Illustrate by a graph. 


11. Write down the indefinite integrals of : 


(i) (a+b e, (Gii) pat (iii) (art? +0 "(ar — 
(iv) (ax? +b)" (pax? + be*). 


ae™* + be” 
e* + ¢6* 
i fr  2ax”+b 
er arrn, 
13. Integrate 


12. Integrate (i) f dx, (ii) f cot 27da, (iii) [tanh ede, 


a1 de. 


ona a 


O fara ON Sara Git) [TS dix, 


: dx vers14 
arag l ” | ea 
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‘ dx a 1 1 

14. Integrate (i) [ vlogs? Y | exe togiogs™ 
T 1 1 1 
(ii) [oo log gop log (log og EaR 


w) | rare STAG). POP’ 

where /"x represent log log log ... log x, the log being repeated r times. 

43. It will now be perceived that, the operations of the 
Integral Calculus being of a tentative nature, success in 
Integration will depend in the first place on a knowledge 
of the results of differentiating the ordinary simple functions 
which occur in Algebra and Trigonometry. It is therefore 
necessary to learn the table of Standard Forms which is now 
appended. It is practically the same list as that already 
learnt for Differentiation, and the proofs of the facts stated 
lie in differentiating the right-hand members of the several 
results. The list was printed on page 46 of the Author's 
Differential Calculus. There are a few additions, as we are 
now specifically considering Integration. The list will be 
gradually extended, and a supplementary list will be given 
when the results have been established. 


44, PRELIMINARY TABLE OF RESULTS TO BE COMMITTED 
TO Memory. 


1 
(1) fra- 2 (2) | ds=1og.z. 
PER at 
(3) [edz=e. sail fa dem ga 
(5) f coszdz=sin z (6) fsinsdz= —cos g. 
(7) fsoc’zde=tan x (8) [ cosect 2 d= —cot a 
(9) fsecztanzde= [Ezd sec g. 
(10) feosec zeot de= | 4 da= —cosec y, 
sin? g 
(11) ftan x da= log,sec zx. 
(Art. 41.) 


(12) Jeot x dx =log,sin z. 
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(13) Í z =sin 1% or >et S." 
a — 
dz _1 ad =% 
(14) | coo aire — cot 
dz eee cre Re 
(15) Ia Se or cosec™? =. 
dz af ESEL REE a 
(16) | Jue aA a or covers a 


45. It is a help to the memory to observe the dimensions of each side. 
dx 

For instance, v and a being supposed linear, f Wn pe is of zero 

dimensions. There could, therefore, be no 1 prefixed to the integral. 


On the other hand, i E is of dimensions —1. Hence the result of 
integration must be of dimensions —1. Thus the integral could not 
be tan~! F, which is of zero dimensions. There should, therefore, be no 


difficulty in remembering in which cases the factor + appears, and when 


it does not. 

Also, so long as we are dealing with the trigonometrical functions, 
whenever the result begins with the letters “co,” it must be with a 
negative sign. The reason is obvious; the cosine, cosecant, coversine 
and their inverses are all decreasing functions as v increases through the 
first quadrant, and their differential coefficients are negative. 

The rule of the “co” does not apply to the hyperbolic functions. 


EXAMPLES. 
Write down the indefinite integrals of the following functions : 


1 “-—a x zt+a x grt 


2. 2%, Qx, z, av, 2+3*, a+b? +c%+d™. 


sf gant ene )- 
3. cos g Sin g cot v+ tan 2, 008 #( tars 


1 1 1 1 1 1 


1 x+1 ax+b ax+b axr+b 
ESEE aJe JË? JA? JAFE 
cd 1 1 a4 2+4 
JVa—a® 2 /3a?-27 [27-32 PHE 22-4 


* See also Art. 1890, Vol. II. 
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7. Write down the indefinite integrals of : 
(i) [sin-*xcosedz, (ii) footæsectzds, (ii) fierar eds, 
(iv) f (+a ade, (v) J (ax +b +-0)"(Same? +b) de. 
8. Write y. the indefinite integrals of : 


0 E Be, o fyran © fa 
9. Evaluate (i) [e (ii) E oa yy pipe d 
10. Draw the graph of 64(c-—2)(#—3)(27-5), and show that the 
area between c=2 and x =2'5, bounded by the curve and the z-axis, is 
32 [ (@- 2)? («—- a 7.é.=2 square units. 
Verify by multiplying out and integrating each term. 
11. Write down the values of : 


Y z et + e57 a f e@tDz oo a 
(i) g pritt, ~ sinha da, 


Ape Pen i 
dx, h (log ` 
(iii) [ z (iv) r cosh (log x) dæ. 
12, Evaluate i 
à f cos v dz, (ii) [cost ae 
o : ° r 


eee [d id 
(iii) f cos 2x dæ, (iv) Í (cosh x+ cos x) dx. 
(J 0 
13. Evaluate a 
AET = 
(i) | sec’nvdxz, (ii) / sec v tan dz, 
° 0 


i) f Eae Giv) f: i e i 


14. Evaluate 
(i) » Gi) [Foa, Gi) (ae, 


TE 

46. The processes of Integration being necessarily of a 
tentative nature and founded upon a knowledge of the 
forms obtained by differentiating the known functions— 
algebraic, logarithmic, exponential, trigonometric or hyperbolic, 
or the inverse forms, it will be realized that many expressions 
may be written down which are not the differential coefficients 
of such known functions or of any combination of them. A 
little consideration will show that this is necessarily the case. 
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If the inverse sine had never received the consideration of 


mathematicians, the expression yh would have been the 


differential coefficient of something so far uninvented. In 
the same way, if the invention of a logarithm had not 
preceded the necessity for the integration of s-t, the integral 


of = would have been lacking and have presented difficulty. 


Hence it will be seen that it is only certain classes of 
algebraic, trigonometrical, exponential, logarithmic, or hyper- 
bolic functions, or the corresponding inverse functions, that 
admit of integration in finite terms. Some functions there 
are which admit of integration in terms of an infinite series 
though such series may not be otherwise expressible as the 
oyna of any known function. For example, 


a 


ee <i, 


rth cm =f (irpo 224, oe 


Ei bes: oa 
“ettita a 
an infinite series, not capable of summation, but nevertheless useful for 
approximative purposes, supposing x to be a positive proper fraction, if 
such arithmetical approximation be required. 


And to go back to the case of œ-1, it is also clear that as 
by the failure to integrate it, by considering it a case of 


= 8 not the differential coefficient of any known function. But 


a d= there would have been a gap in the list of 
integrals of powers of 2, viz., 
[ode=Z, [eae=d, [edont, frrax=a [e-ta 


the properties of a function which had z~? for its differential 
coefficient could not long have remained undiscovered. 


For if F(x) stand for | ae, we must have 


F@+Fy=|S+|% 


_( (da , dy PECE 
-|(6-+5)- xy 


=| CY = Fey), ie y= FF) + FW) 
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which constitutes the fundamental theorem of logarithms 
and indicates how an addition may be used to perform a 
multiplication when tables of F(z) have been constructed. 
In a similar way, the expression pir. iat where i 
i o JI—k*sin?6 ’ 


is a constant < 1, presents itself in the consideration of many 


problems geometric and kinetic. Now TO is not 


the differential coefficient of any combination of algebraic, 
exponential or circular functions. Hence, this is a case in 
point. This is an integral where necessity for discussion has 
arisen prior to a knowledge of the expression of which it is 
the differential coefficient. Dj it u, 


“=f J1—ksin®6 nt 
We call the upper limit ¢ the amplitude of u, and write 
p=am u, and inversely w=am~'¢. Thus u receives a name. 
It is a function whose leading properties we propose to 
discuss later. 


EXAMPLES. 
1. Write down the indefinite integrals of : 
(1) Stee es) (2) x + a8 + b8 — 3aba 
i at+a+b ’ 
P-a/“gtr (-T/ rfp -P| pte acos g — bsin s 
p q—-r 4 , 
(3) Na A TE a Ne , E beck eta 
tanig 
5 a log x erie m 
EETA © Fa 
1 cos a(1 + sin z) 
0 ———— EEN Dad ee 
(7) sin z cos 2’ (8) ginig . ’ 
1 : T 
0) (10) sin (2+7) 
Raina 
(11) eases sectar, (12) (1 + sin gcos 2) sec?a, 
(13) tanz(1 + secz), (14) e si hin bet 
sin?g cos? 


(15) (cosg -— sin «)(2 + sin 2x) sec?x cosec?z, 
(16) (a+ tan z)(b + tan z) sec’, 


Wwww.rcin.org.pl 


STANDARD FORMS. 57 


1 
(17) ET (18) = 008 (log =), 
(19) =the (20) aT 


2. (a) If f(z)= a prove that [ioa 


(b) If f(x)=a + ba, prove that |P (z)dz= =a% lary” z’ =; where 
f'(z) means fff ... f(x), the functionality symbol $ aih r times. 


3. Show by expansion that 


2 
(a) figa nT + St ... =(1+2)log(1+2)-z2, 


1l+a+2" 
0 fiep i ad 


f 2 A a 2a gi? git 2g16 } 


EUr EN t E A E ET ET 15.16+ 


(c) fa +2)"de=2+ ai ET AART E A Paa 


lidna (")= n(n — hele- ERI 


4. Prove by Differentiation or Integration from the Binomial 
Expansion of (1 +2)", where 1 is a positive integer, 
(a) 10, +20, +30; +... nOn = n2", 
(b) 1.20,+2.30,+3.4C,+...+(n—1)nC,=n(n - 1)2"-%, 
(c) 10, +30, +50, +... =n2"-?, 
(d) 1201+220, + 3°C,+...+07C,=n(n+1)2"%, 
(e) 1850, +280 + 3302? + +.. + n30 a" 
= a{n?x? + (3n-1)e+1}(1 +2)", 
(f) 109 +2C,+3C,4+...4+(n+1)C,=2""(n + 2), 


oye U, (ved | 
ii ade a i a es 
Cok. Oe Ca _ 2t-n-3 
(h) pease totum n+2) (w+ 1y(nt2) 
E EE 
gat Sas: (n+1)(n+2)(n+3) 2(n+3)’ 
y oe 5.6 _ yn (n+ 3)(n + 4) 
0) T30- gg tg aa, TS CET 
3n +5 
(n+1)(n+2) 
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5. Prove from the expansions of sing and cosg in powers of % 


that f sin z dz=1 -cosg and that i cos g dæ =sin 2. 


0 


6. Prove from the expansion of exp x that 
f expzdz=expx [expz=e’]. 


is Prove that 
(1 +x)" z2?-1 /n\æ-l 
(a) [= dz= logz+ (7 \@-1)+(5 TAR “-+(5 ghee 


() S eriy da= 2"log (x = D+( \jr-{@-1)-1] 


+r- ES +p 5 


8. Show that 


form erya Et" a- meroh 
9. Show that 
EIEEE e a a o ae N (Re 


10. If (x) be a rational integral algebraic function of z, show that 


| soe- a-o $04 Bees, Oe : 4 


11. By considering \@-ar@-dyrae, show that the difference 
of the series (p and g being positive integers) 


ee At tid il a me a a p ay? (a — b)P+#-1 eons ea 
(z-a) tt ee (x —a)Pt# 449 -1) -api 
pt+qti ! Pir Ti O AOT 


is independent of z. 


12. Verify by differentiation that 


1 L+a/2 +a, l 
(1 ) i sti LO a e a PA aa A an? 
Ipa 4/2 ‘ile, 2/2 1-2?’ 


(2) feat ora. 
Vi=a[1 +ag1 at 2 ten +N 1- 2), 
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13. If o(«)=4,)2"+ A ir +A, fst +...+A,, prove that 


[iSu B+B nD Ai zt ... + (h) log (x — h) 


where B,=hB,_,+A,. Write down the values of B,, B,, B3. 
14. Show that H) da for rational integral algebraic forms of 


p(x) may also be expressed as 
#(h) log (ah) + p0) i F rD = a sory Es a 
Prove that 


e-e 7 al tr PE. A @- am (x—-h)* 
(E54 =) + PI E ai +a} 


’? log x 
15. Prove that i. Era dz = 4log (ab) log (2). 
16. If 


J,,(a) = mail} bey tera Lt + Ee | | 
“omil 2(2n+2) 2. 4(n+2)(Qn+4) 
(i.e. Bessel’s function), prove that 


(1) f J,(a)de=1—Jy(2), 


(2) |" [yx -Juyala)] d2=2Iq(2) (n>0), 
0 
17. Prove that 
-afé AA 
re | D-1(1 -myds=F( -v 3, 541, &) 
0 P 
when F(a, B, y, x) denotes the hypergeometric series 


eas aat+1BB+1 pig catlat? BB+1B+2 1 B+2 s 
By 1.2 yy+#l 1 adag yy+ly+2 
[I. C. S., 1898.] 


18. Assuming that the speed of the current in a river at a 

distance x from the bank follows the law 
v=, +ka(a—2), 

where a is the breadth of the river and v, and k are constants, find 
by integration how far down stream a man will be carried who rows 
4 miles an hour, pointing the boat’s head always straight at the 
opposite bank, so as to cross in the least time possible: the width of 
the river being half a mile, the banks being straight and parallel, 
and the speed of the current being 2 miles an hour near the banks, 
and 3 miles an hour in mid-stream. [I. C. S., 1905.] 
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19. Find the moment of inertia of a rectangle of sides 2a, 2b about 
a line joining the mid-points of the opposite sides of length 2a. 

The section of a ship at the water line is 120 feet long. If the 
middle line be divided into six equal portions, the ordinates of the 
boundary of the area at the middle points of the segments are given 
by the following table : 


Distances from end | 10 | 30 | 50 | 70 | 90 | 110 


Grdiates -- -| 10 | 20 | 20 | 18 | 14 | 8 


Draw a figure showing the section, remembering that bi is sym- 
metrical on both sides of the middle line. By approximate methods 
of summation (treating the segments as rectangles) find the value of 
Ak?, the moment of inertia of the section about the middle line, and 
the height of the metacentre above the centre of buoyancy if the 
ship displaces 36,000 cubic feet of water. 

| The height required hee | 
[I. C. S., 1908.] 

20. A substance 4 transforms into a substance B, the rate of 
transformation in grammes per second at the time ¢ being equal to az, 
where æ denotes the number of grammes of Æ existing at that 
instant. In like manner B transforms into a third substance C, the 
rate of transformation being by, where y is the number of grammes 
of B existing at time t. 

Write down the relations between v, y and their differential 
coefficients with respect to the time, and show that these equations 
are satisfied by putting 

gpa Pe“, y= Qe-* + Re, 
provided Q and È are properly determined in terms of P, y being 
zero when ¢=0. 

Also show that the quantity of B existing will be greatest at 


ho — log N 
i ii i seconds after the zero of time. 


[I. C. S., 1908.] 
21. Prove that the integral of the sum of an infinite series taken 
over a range within which the series is absolutely convergent, is 
equal to the sum of the integrals of the terms. 
Employ this theorem to find an expansion of log(1 + 2) in ascending 
powers of z, pointing out the range for which the expansion is valid. 
Having given log,2=0°69315, prove that log.61 = 4:1109 to five 
significant figures. (I. 0. S., 1904.] 
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22. OK is the diameter bounding a semicircle of radius r, P any 
point on OK, and PQ an ordinate to the diameter OK. If x denote 
the length OP and z the area which PQ cuts off the semicircle, 
: dz 
interpret T and rA 

Find a curve for which the area bounded by the curve, the axes of 
æ and y and the ordinate at a distance x from the axis of y, is 


x 
2 “Se 
ine [I C. S., 1902.] 


23. From the equation 


(ah +" yde) =A, 
y h 


where a and h are constants, find y in terms of 2. 
The value of a being 2 feet, and of h 10 feet, evaluate y when 
x is 30 feet. [I. C. S., 1910.] 
24. Denoting by A the area between the curve y=f(x) and the 
axis of x, from the value zero to the value a of x, show that, when f(x) 
is a rational integral algebraic function of the third degree, 


a 
A= ra (Yo + 49, +42), 


a 


where y=f(0), ¥,=f (3) Y=f (0). 


Compare the result given by this rule with the true value, taken 
to three places of decimals, for the curve y=sing, between the 
values 0 and 0°5 of æ reckoned in radians. (I. C. S., 1912.] 

25. Verify that the area of the curve 

y= A+ Bx + 0x? + Dad 


between the limits =h and = — h is equal to the product of A and 
the sum of the ordinates at 


w=h//3 and x= -h/,/3. 
In the case of the curve 
y= A + Bet Cx? + De + Ext + Fe = f (£), 


verify in like manner that the area between z=h and x= —h is 
equal to 


(5/0375) + 8f (0) +5, — h35) } 4/9. 


26. Find the differential coefficient of 
e~ (1 +e + 0/2! 429/314 24/4 1); 


[E C. S., 1913.] 
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and deduce that the sum of the first five terms of the exponential 
series is less than e* by the quantity 


zZ ntp- 
ef = ak 
0 


4! 
What would be the corresponding result if the series were taken 
to n terms instead of to five terms? [I. C. S., 1913.] 


27. Weddle’s Rule for finding, approximately, the area bounded 
by a curve, two ordinates, and a base forming part of the axis 
of z, is: “Divide the base into six equal parts and draw the 
ordinates at the points of division, making, with the extreme 
ordinates, seven in all. Of these ordinates add the first, third, 
fourth, fifth and seventh, and five times the second, fourth and 
sixth. Multiply the sum by one-twentieth of the base.” 

Prove that the rule gives the true result when the limits are 
0 and 1 and the curve has any of the forms 

y=a, y=, y=art, y=a(z- 1/2), 


where a is a constant and n is an odd positive integer. 
1 


Find, by the rule, the value of 6 x w dz 
0 


1+2 
decimals. Check the result by integration. [I. C. 8., 1911.] 


to seven places of 


28. Show that the work done by a gas in altering its volume 
from v, to v, according to the Adiabatic Law 
pv” = Poto 
he oe 
y-n ayy 


If the law be Isothermal (y= 1), show that this becomes 


v 
Povolog a 


If a gas expands isothermally from state p,, v, to state Pz, vg 
(Operation I.), 

then expands adiabatically from state p,, v, to state Pg, Vg 
(Operation II.), 

then contracts isothermally from state p,, v to state Py v4 
(Operation ITI.), 

then contracts adiabatically from state p,, v, to state p,, %1 
(Operation IV.), 
(1) find the amounts of work done by or upon the gas during each 
of these four operations, drawing a graph of the whole cycle 

of changes ; 
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(2) show that the work done in the whole cycle of operations is 
~measured by 
(Py, — P33) log = (the adiabatic portions cancelling) ; 
(3) that VV = Vay 5 
(4) that, writing 


Py = PA = 0, P33 =P, = Ags 


PW =P =P Pwl =P," = Ba, 
the above expression for the work may be written 
ai ts o By J 
y- 8B, 


[This cycle of operations is known as a Carnot’s cycle for a perfect 
heat engine. | 


29. If dQ be the whole heat absorbed by a body of uniform 
temperature whilst its temperature changes continuously from @ 
to 6+d6, and if ¢ be a function of the independent variables which 
define the state of the body and such that 

dQ 
dp= P’ 
¢ is called the Entropy of the body (Clausius). 

Show that if a graph be drawn to represent @ as a function of ¢, 
the area between the graph, the ¢-axis and the ordinates corre- 
sponding to the initial and final states represents on some scale the 
heat absorbed. 

In the case of a perfect gas satisfying the law T = const. = R, assume 
the Thermodynamic Equation 


dQ =C,dé +p dv, 
where C» is the specific heat at constant volume, and show that in 
changing from state 6,, vj, $ to state Âs, Vos Pos 


Cy Gy-8 
0, OA B 


Taking the temperature as a function of the entropy and simul- 
taneous values of ¢ and 6 as given in the following table : 


$ | 1-60 | 1-70 | 175 | 185 


6 | 450 | 400 | 370 | 340 


and assuming that one unit of area indicates one unit of heat, what 
is the total heat received during these changes ? 
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[There is a brief sketch of the fundamental formulae of Thermo- 
dynamics on pages 56 and 57 of Solutions of Senate House Problems for 
1878 which may be found useful. Students may also read Tait’s 
Thermodynamics or Parker’s Thermodynamics for detailed accounts of 
the theory; other useful books are Zeuner, Théorie Mécanique de la 
Chaleur ; Briot, Théorie Mécanique de la Chaleur. ] 


30. In the case of a saturated vapour, if C’ be the specific heat of 
the vapour, i.e. the heat imparted to one gramme of the saturated 
vapour to keep it constantly in the saturated state when slowly 
compressed till the temperature rises one degree Fahrenheit ; C that 
of the liquid fram which it is derived at the same pressure and 
temperature, L the latent heat, then it can be shown that 


EF 
C=0+ p 


where 6 is the absolute temperature. 

Let C, be the specific heat of the liquid at constant pressure, 
which, as liquids are practically incompressible, is so nearly equal 
to C that no appreciable error results from regarding them as 
identical. 

Then Regnault has shown experimentally that the sum of the free 


0 
and latent heat, viz. L+{ C,d@, is not a constant as had been 
273 


supposed by Watt in his earlier experiments, but is a function of 
the temperature 0, viz. putting 6=273+0' and J being the number 
of ergs in one calorie (41,539,739°8 ergs or about 3 foot-lbs.), he 
obtained the equations 


0 
(1) L+{ C,d0=J (a+ BO +8), 
273 
(2) O, =J (+B + 6), 

experimentally, determining the constants a, B, y; a’, B’, y' for several 


vapours. 
Using these data, prove that 


(1) 54 +0,=J(B +270, 


(2) L=a| a+(B- a’) +(2y- py - v5 b 


a+(B-a')6 + (27-6) -V 


C’ 
3 ‘=—= 270’ — 
MO Same P tay 273 +0 
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31. Show that the integral equivalent of the equation 
HT. aaa f i. a +f jao ae 
ol+e+e" l+yt+y¥ l+z+2 
is of the form 
yz + a(yz+2n+ ay) +b(e+y+z2)+c=0, 
where a, b, ¢ are certain constants. [Oxr. I. P., 1913.] 


32. If the variables z, y, z be so related that 
yz= F(x), 2e=Fly), zy= F(z}, 


show that f: F(æjdz+ f F(y)dy + f F(z)dz = xyz — 24,2. 


For example, if zt+y+z=0, 
and yz + 20+ ey = — 4242, 
show that 


(“a + fat ay a Ta = 4 (ey2 - t3). 


[BERTRAND, Calc. Int., p. 383.] 


33. If y= f ez dz, expand y in powers of x as far as 2°. 
[Oxr. I. P., 1911.] 
z+ 30+3 


34. Prove that | ae sin eda =}. [Oxr. I. P., 1915.] 
35. Integrate | a~*-2(] — 2)"(1 — ex)" dx, 
where n is a positive integer. (Oxy, I. P., 1917.] 
36. Prove that the fifth differential coefficient of 
| (a) da — sf x(x) da + saf x(x) dx — taf a(x) da + | atc (x) da 
is 24¢4(z). [Oxr. I. P., 1917.] 


cos 80 — cos 76 
1+ 2cos 50 


38. If f(x) and F(x) be two functions continuous and finite 
between 0 and 2, such that 


Pe@)=| soa 
f(a) =1- a F(idt, 


obtain their expansions in ascending powers of #. [Oxr. I. P., 1915.] 


37. Integrate dé, 
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39. Prove that = 0-288 nearly. 


f dx 
o (1 +2)(2 +2) 
[Martu. Trip. I., 1916.] 
40. If y2= a?r? +c, express in terms of y the differential coefficients 
of the functions log(ax+y), zy 


with regard to z. 
Hence evaluate \F and ly dx, and prove that 


Weer 4dz=15 — 2log 2. j 
[Mara. TRIP. I., 1924.} 
41. Prove that 
{log (a + 0h) — log a} — 0 {log (a +h) — log a} 
can be expressed in the form 
vdr 
othe a) (a+2)(a+ Oz) 

Deduce that in calculating a logarithm to base 10 by the method 
of proportional parts from tables which give the logarithms of all 
integers from 104 to 105, the error is one of defect and cannot 
amount to }10-*u, where »=log,,e="43429. Is this negligible in 


seven-figure tables? [Marx Trip. Pt. II., 1919.] 
42. Integrate [sin 6 a stent a0, and show that 
beer ceca +cos(4n+1)6 dO =0-=2 sind sin20 _ sin30 sin 2n0 
1 +cos 0 l ite ibe: OW 


n being a positive integer. 
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